Complex Analysis

1. Complex Functions

Denote the set of all real numbers by R. A complex number, z, is a linear combination
of two real numbers, x and y,
z=x+ 1y,

where 2 = —1. Complex numbers can be thought of as pairs of real numbers (z,y) and

so can be interpreted as points in a 2-dimensional plane, called the complex plane, with
x and y Cartesian co-ordinates in the plane. But they are more than that, because two
complex numbers cam be multiplied together to give a third. The complex conjugate
of a complex number is denote by z* with

ZF=x—1y.

We shall denote the set of all complex numbers by C.

A real function f(z) assigns a real number f(z) to every real number x € R. A
complex function f(z) assigns a complex number, f(z), to every z € C. A complex
function therefore has a real and an imaginary part,

f(2) = ulz,y) +iv(z, y)

where u(x,y) and v(x,y) are real functions. The function u is called the real part of f,
and is often denoted by R f, while v is called the imaginary part and is denoted by Sf.
In general f(z) can depend on z and z* independently, e.g.

f(z,2%) = 22* = 2% + 42 (in this case v = 0)

f(z,2%) = 2(z* +1) = 2 + y* + 2 + iy,

but it may depend only on z (or only on z*), e.g.

f(z) =22 = (x+iy)® = 2® — y* + 2ixy

f(Z) — % — Tt — Tty — ex(cosy + iSiny)
Lo : 1, .

f(Z) = COS z = 5 (e’LZ + e—’Lz) — 5 (em—y + e—lm+y)

=3 (e7¥(cosz + isinx) + e¥(cosx — isinx))
= cosh y cos x — isinh ysin x.

In these last three examples f(z) can be written purely as a function of z.
Sometimes it is convenient to use 2-dimensional polar co-ordinates, x = pcos¢ and
Yy = psin ¢, so
z = p(cos ¢ + isin ¢) = pe'®.
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In particular, for p = 1 and ¢ = 7, we get Euler’s famous formula
™ = —1.
Sometimes this polar decomposition is useful in functions, for example
f(z)=Inz = ln(pei¢) =1In(p) + i¢.
In particular, for ¢ = 7, we have z = —p and, with p > 0,
In(—p) = In(p) +im

the logarithm of a negative number! There is a subtle ambiguity here though: since

e?™" =1 for any integer n, we have e'® = e (®+27) and

In(z) =1In (pei(¢+2ﬂ”)> = In(p) + i(¢ + 27n).

We get a different value of log(z) for every integer n. This is really just a more extreme
case of the familiar ambiguity vx? = +|z| associated with real functions. Indeed

Z% = \/2: pei(¢+2ﬂ'n) — \/ﬁe%eiﬂ'n _ :i:\/ﬁe%,

where ,/p is taken to be the positive square root and the plus sign is for n even, the minus

sign for n odd. The usual real case is ¢ = 0. The complex function 27 is a multi-valued
function, it has two different values depending on whether n is even or odd — these are
called branches of the function. The function f(z) = In(z) has an infinite number of
branches, one for each integer n.
Many formula familiar from real analysis must be interpreted with care in complex
analysis, for example
1" =1 (45)

for any real number x.* Consider the complex expression, with n an integer,

17 — (627r1n)(m—|—1y) _ eQﬂ'znxe—QTrny

and again the result is different for every n, there is an infinite number of branches. So
1# 2 1 for all z, unless n = 0, and this has implications for raising any number to a complex
power. As another example take e*, where z = 1 4 27ik with k£ an integer. Then, since

e = 81—|—271'm7

o — (el+27rin)1+27rik — p(l+2min)(142mik) _  l—dm’knt2mi(k+n) _  l—dx’kn (46)

* One way to prove this is to take logarithms, In(1%) = zIn(1) = 0 for all real z, but the
only real number whose logarithm is zero is one, therefore 1*¥ = 1, for all —o0 < z < ¢.
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where, in the last equation, we have used e?™*(¥+7) = 1 for any integers n and k. So, for
fixed k, e* has an infinite number of branches, one for each integer n.
Now what about (e*)*? Well from (46)

2
z 61—471' kn

€ )
SO NoOw
2 N\ Z 2 -\ 1+2mik
(ez)z — (61 4 kn.eQTK'ZTL) — (61 4 kn+27mn>
— el—47T2k:(n—|—n/)+27Ti(n/+k—47r2k2n)
42 N e 3:1.2
— 61 47°k(n+n’" )-8 ik*n (47)

where a second set of branches has been introduced, labelled by a new integer n’. We now
have a double infinity of branches, labelled by the two integers n and n’. Compare this to

2 o\ 1—dn2k2 +4mik
ez (el—|—27mn) )
Expanding the exponent

22 142min 1—4n?k?+4mik
€ €

1—47T2k(2n—|—k:)—|—27ri(2k:—|—n/—47r2nk:2)

e
pl—4m?k(2n+k)—8r° ink?) (48)

Comparing (47) and (48) we see that (e*)? = ¢*” if and only if
n+n =2n+k = n'=n+k.

This only makes sense, when z = 1 + 27ik, if we are careful how we choose the branches:
there is only one set of branches, labelled by n, and we must choose n’ = n + k in (47)
giving

(ez>z _ €z2 _ 81—47‘r2k(2n—|—k)—87'r3ik2n.

Note that the choice n’ = n + k is exactly what we would we have found if we had never
used e2™**+7) — 1 in the last equation of (46), but instead had kept the phase 27 (n + k)
in the exponent when calculating (ez)z.

In fact it should be clear that we can iterate this to show that

N times

A\
~ N\

(@) ) =

and the different branches can be consistently treated by replacing

e — el—|—27rzn
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on both sides, provided the phase is never dropped, since then

N times
7\

(@) ) = (s )

N times

A\

e(1+27rin) €1+27rik)...(1+27rik3

14+27mik

; N o (1+2mik)N N
_ 6(1—|—27mn)(1—|—27mk) _ (81—|—27mn)( P e?

is always true, for any integer n.
Failure to choose the right branches can lead to errors, for example setting n = n’ =0
in (47) and (48) and assuming (ez)z = e” gives the equation

e=el "4 (49)

which is obviously only valid for £ = 0. There is a whole class of conundrums in the theory
of complex numbers based on this kind of example,* arguments that lead to apparent
paradoxes, like (49) with k # 0, which are the result of choosing the wrong branch!

2. Differentiation

When f(z) is independent of z* a natural definition of its derivative would be

GO [ - ()
= 11m = 111m
dz 52—0 02 6z—0 0z

but we must be careful to check that this definition is consistent. A potential problem
arises because 0z can be real or imaginary, or indeed can point in any direction in the
complex plane. The limit 6z — 0 only makes sense if it is independent of this direction.
To determine whether or not this is the case we write f = u + v, f = du + 1dv and
0z = 6z + 1dv so

6f  du-+idv

6z  Sx+idy
Then, when dy = 0, we have

of . <5u—|—i5v) ou . Ov
lim [ ——

1. it = — —_—
sl 5, T e\ T oz 'on

and, when dx = 0, we have

. Of
lim — = lim
52z—0 0z dy—0

<5u+i6v) B _,@ ov

* This known as Clausen’s puzzle.
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Demanding that these are the same means that their real and imaginary parts must be
the same, so

ou  Ov ov ou

These conditions are not only necessary for the derivative of f(z) to exist, they are also
sufficient, essentially because an arbitrary direction for dz is just a linear combination of
0z =x and 0z = 1y.

The conditions (50) that u(z,y) and v(x,y) must satisfy for % to be well defined are
called the Cauchy-Riemann conditions.

If a function f(z) is differentiable in some neighbourhood of a point zy then it is said
to be analytic in that neighbourhood. An alternative name, synonymous with analytic, is
holomorphic (from the Greek oloo ‘holos’, meaning whole, and pop¢gn ‘morphe’; meaning
shape). If f(z) is analytic everywhere in the complex plane (except possibly for z — 00)
then it is said to be an entire function.

Examples:

i) fla)=2> = @y =2"—y", ov(z,y) =2y
ou_, v v, o
or x_ﬁy’ or YT oy

2

The derivatives exist everywhere except for x — oo and y — oo so z“ is an entire function.

B 1 T — 1y T Y
i) f(Z>:;:m U(%?J):m, U(«T,y):—m
Ou_ y—2z* Qv Ou_ 2yx
or (22 +y2)2 Oy’ oy (22 +y?2)2 Oz

The derivatives exist everywhere except at the origin z = y = 0, so 1/z is analytic every-
where except at the origin.

Functions that depend on z* are not analytic

iii) fE)=z"=z—iy =  uzy ==z vy =—y
du Ou _ v _ o _
ox oy oxr oy

so z* does not satisfy the Cauchy-Riemann conditions.

i) fz,2%) =2 = ul@y) =24y, v(z,y) =0
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ou ou Jv  Ov

- = 2 I - = 2 5 _— = — = 0,
or o oy 4 or 0Oy

and again the Cauchy-Riemann conditions are not satisfied.

Analytic functions are related to the 2-dimensional Laplace equation:

0%u 9%v 0%v 0%u 0%u  O*u
0x?  Oxdy  Oyox 0y? ox?  0y?
9%v R 0%u 0%v %v 9%

02~ 0wy owozr 0y 022 o2

so both u(z,y) and v(z,y) satisfy the 2-dimensional Laplace equation.

0,

3. Integration

An analytic function f(z) can be integrated along a curve connecting two fixed points,
2o and z{), by splitting the curve up into a large number of small segments with endpoints
20 < 21 < 29 < -+- < zy—1 < zZN = %, and then letting N — oco. Let z;_1 < (; < z; be
fixed points in the j-th segment, as shown below,

A

then the integral can be defined as

2 N
INCLEE dim 32766 = 55-1),
0 ]:

and is independent of the choices for (; in the limit.

Cauchy’s Integral Theorem

If f(z) is analytic within and on a closed curve C, then

f/%; f(z)dz = 0.
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The symbol § here indicates integration around a closed loop and a closed curve C' is often
called a contour in complex integration.

Proof: first split f(z) and z up into real and imaginary parts,

%Cf(z)dz = 7{C(u +iv)(dx + iy)
= 7{C(udx —vdy) + 2% (vdx + udy).

C

(51)

Now apply Stokes’” theorem which states that, for any vector field V. =V, + V,,§ with =
and y-components V, and V,,

B ov, oV,
i (Vaodz + Vydy) = /S ( o 9y ) dxdy,

where S is the 2-dimensional region bounded by the curve C'. Applying this to the real
part of (51), with V, = w and V}, = —v gives

ov  Ou
fg(udw —vdy) = /s (—% - (9_y) dzdy,

which vanishes from the Cauchy-Riemann conditions (50). Similarly applying Stokes’
theorem to the imaginary part of (51), with V,, = v and V}, = u gives

ou 0Ov
i(vdm + udy) = /S <% — 8_y) dxdy,

which again vanishes from the Cauchy-Riemann conditions.
This shows that both the real and imaginary parts of § f(z)dz vanish if f(z) satisfies

the Cauchy-Riemann conditions in the region S bounded by the curve C. []

An immediate consequence of Cauchy’s integral theorem is that, if a function is an-
alytic in some region containing two points zp and z{, then the integral along a curve
connecting zp and z{ is independent of the curve chosen, provided it does not does not
stray out of the region in which f(z) is analytic.® This is because Cauchy’s integral theo-
rem shows that integrating from zy to z{, along one curve and then integrating back from
2{, to zo along a different curve gives opposite answers. Combining the two integrals into
a single integral along a closed curve passing through 2o and 2, is then zero.

Cauchy’s Integral Formula

* If the real and imaginary parts f(z) are thought of as potential energies for 2-
dimensional problems in mechanics then this is analogous to the concept of conserved
forces.
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If f(z) is analytic within and on a closed curve C, then

% /(z) dz = 2mif(zp)
C

(z — 20)

where z( is an arbitrary point inside C.

There is a convention here that the integral is performed in an anti-clockwise direction
around the curve C' — be careful of this: failure to adhere to this convention can introduce
minus signs into some of the formulae!

Proof: although, by assumption, f(z) is analytic within C, f(z)/(z — zp) is not analytic
at z = z9. However, if we choose a different curve C’ as shown below, which excludes
20, then f(2)/(z — 2z0) is analytic within and on C’. Hence §, f(z)dz = 0 from Cauchy’s

integral formula.
z
c g, Lz
‘X .
The curve C’ can be decomposed as

C' = Cia + Coz + C34 + Cyy

S /o <zf—(io> et /o <zf—(zz)o> et /o <zf—<io> e
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ﬁr/ Z—ZO /
=0

b




) g, — sz f(z)
(z2—20) z1 (z—z0) . .
z3 — 2o, the segments C15 and Cs4 coincide, but the integrals are performed in opposite

directions, so . .
PAC) T B i C R
/C'lz (Z - Z())d /;’34 (Z — Zo)d ’ (52)

G G (R
%;’41 (2 — Zo)d 7{;23 (2 — zo)d ’ (53)

where lim,, ,,, C41 = C and Cbs3 is now also a closed curve since we have set zo=23. Now
we choose Cs3 to be a small circle of radius € centred on 2y and parameterise the points
on it by an angle ¢, where

where me dz along the segment (2, etc. In the limit z4 — z; and

leaving

z =20+ ee'? SO dz = iee'®do,

and ¢ increases in an anti-clockwise direction. We must be careful of signs because the
contour Cs3 is defined above as being traversed in the clockwise direction, so this introduces

a minus sign.
27 ip )
P LR g (S T
Oy (2 — 20) 0 €et?
27

= — flzo + eei¢)d¢
0
27

— — f(Zo>d¢

e—0 0

= —27Tif(20).

where the limit € — 0 has been taken in the third step. Using this in (53), with Cy; = C,
now gives Cauchy’s integral formula:

% &dz:%m’f(zo). []
c(

z—2zp)

Differentiating Cauchy’s integral formula with respect to zg gives us
g y g g

- 2mi z— zp)

More generally, differentiating n times we get

f(”)(zo) — L‘ %C Ld% (54)

27 Jo (2 — z)n !

where f()(z9) := L f(20).
0

46



4. Laurent Expansions and Complex Analyticity

A Laurent expansion of a complex function is a generalisation of Taylor expansions,
familiar from real analysis and we shall start by describing Taylor expansions for complex
functions.

Taylor Expansions

Suppose a function f(z) is analytic in some region containing a point zy and let z; be the
nearest point to zp at which f(z) is non-analytic (z; might be at infinity, but it could also
be a finite distance from zg, as in the picture below). Let C' be a contour which encloses
zp but does not extend as far out as z;.

1275

1Z'-Z,
Then, from Cauchy’s integral formula, for any other point z inside C
1 f(zhdz'
fe) =5
i Jo (2 — 2)
1 f(zHdz' (55)

2mi Jo (2' — 20) [1 — (%)} .

-1
Now [1 — (%)] can be expanded in the usual way. Let w = % and Sy =

ij:o w". Then

N N+1
(1-w)Sy = Zw” — Z w" =1—w"
n=0 n=1
Writing w = pe'® we have pN 1 — 0 as N — oo, provided p < 1, hence wV+! — 0 as
g P P P

N — oo provided |w| < 1. So we see that
(1-w)Se =1 = LI iw”
> l—w =
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This formula should be familiar for real w but it is also valid for complex w, if |w| < 1. If
the points z and zg are chosen so that |z — zg| < |2/ — 29| < 1 for every point z’ on the
contour C', then

Now, using (54), this can be re-expressed as

FE) =3 (e = a0)" ) (zo). (56)

n=0

This is exactly the same as the usual formula for the Taylor expansion for a real function.
For complex functions we see that the formula works provided |z — zg| < |2’ — 2¢|, where
2z’ lies on the contour used in (54). The only requirement that this contour has to satisfy
is that f(z) is analytic within and on C, so we may as well take C as large as we can.
We can therefore take C' to be a circle centred on zy and just inside z1, the nearest point
of non-analyticity of f(z) to zg. The Taylor expansion (56) works for any point z that is
closer to zy than z;.

Analytic Continuation

Non-analytic points are extremely important. They are obstructions to extending
series expansions of f(z) beyond certain limits. For example f(z) = +i- is non-analytic

14z
at z = —1. Taylor expanding about zy = 0,
1 oo
=1- 2_ 34 .= 1)
152 2425 —2°+ nz::O( ),
is valid provided |z| < 1. The unit circle centred on the origin, |z| = 1, is called the

circle of convergence for this expansion. The radius of this circle, unity in this case, is
called the radius of convergence. Strictly speaking 141-z and Y 07 (—1)"2" are different
functions: they co-incide for |z| < 1 they but are not the same for |z| > 1, since the former
is perfectly well behaved for |z| > 1 while the latter is not even defined in this region as the
sum diverges. We might get a different radius of convergence if we Taylor expand about a

different point though. For example expanding about zy = i, we have

1 1 1
f2) = 1+2 (1+14) [14_(;;:)]
1 o z—i\"
:(1—1—2')7;)(_1) <1+i) ’
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z—1

T+
This circle of convergence has radius V2 and is centred at zop = 1: it has a greater radius
of convergence than the expansion about zy = 0 and the two expansions are valid in
different regions. This does not mean that this expansion is any better or worse than the
previous one, they are just valid in different regions as shown in the following picture. The
expansion about zg = 0 is valid inside the solid circle and the expansion about zg = ¢
inside the dashed circle, both expansions are valid in the region where the circles overlap.

and this expansion converges provided < 1, i.e. provided |z —i| < |1 +1i| = V2.

Thus the sum > (—1)"2" is not defined outside |z| < 1, but can be continued into the

crescent shaped region above the semi-circular arch between 1 and —1 by expanding about
. . 1 o) z2—1
zg =i to give 155 >, _o(—=1)" (1+i
valid can be continued to different areas of the complex plane. By choosing many different
points to expand about we can build up a patchwork covering the whole complex plane,
excluding the point of non-analyticity z = —1, giving a collection of infinite sums, one for
each expansion point, all of which co-incide with the function ﬁ in the regions in which
they converge. This process is called analytic continuation of the original expansion,
>0 o(=1)"2", outside of the region |z| < 1.
Analytic continuation is very important in complex analysis since many functions can
be defined through a series expansion, e.g.

n
. In this manner the region in which the expansion is

Z_1 1 2 1 3 _ = 1 n
e” = +z+az +§Z +~-~—Zmz .
n=0
This expansion actually converges for all |z| < oo, it has an infinite radius of convergence
and is an example of an entire function.

Laurent Expansions

Let f(z) be analytic at zo and let z; be the nearest point of non-analyticity. Suppose
there are no other points of non-analyticity out as far as another point z5. Let z be a point
between z; and zs, so

|21 — 20| < |z — 20| < |22 — %0]-
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This means that f(z) is analytic in the region between the two curves C; and C5 in the
following figure:

We can combine C; and Cs into one continuous curve, C’, by cutting the annular
region between them along the dotted lines indicated in the figure and including the dotted
lines in the contour. The function f(z) is analytic in the region enclosed by C7, Cy and
the dotted lines, so Cauchy’s integral formula (53) implies that

2")dz'
J(z) = 271m' " ](f; —> 2)

1 f(zhdz 1 f(zhdz

“amil, G il o) o7

In the second equation above we have taken the limit of the two dotted line segments co-
inciding, so that the integrals along them exactly cancel, and we have chosen to integrate
in an anti-clockwise direction along C7, which then requires a clockwise integration around
(5 — hence the minus sign in the latter integral.

Expanded the denominators of the integrands in the same way as we did for the Taylor
expansion previously we have, for C7,

1 f(zhdz 1 f(zhdz'
2mi Jo, (2 —2)  2mi Joo (2 — Zo)[l - (;,__Zz%)]
1 f(zHdz'

- — ) S Sl A 58

5 n:O(z 20) %Cl (2 — zg)"H1 (58)

The sum converges since, by construction, ZZ,__ZZOO < 1 for 2/ on Cy (see the figure above).
While, for Cs,

1 f(zhd 1 f(zHdz'
2mi Jo, (2 —2) 2mi Joy (2 = 20)[1 = (£222)]
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1 1 / / /
2mi — (z — 20)™*L Jo, FEN 0)
1 & _ ( f(zHdz
- — n _JA IR 59
2 n—l(z ZO) Cy (Z/ - ZO)l_n, ( )

where, in the last integral, the summation has been shifted by one, n = m + 1, and the
sum converges since, by construction, . Now substitute (58) and

(59) in (57) and we get

1 RN f(2)d?' - - f(2)dz
1) =55 {7;)( 0) j{; (2/ — 2o)"*! +;( o) fé (2 — 20)‘”“}
L N o — 7\ f — f(Z/)dZ/

= Y an(20)(z = 20)",

where

ﬁf@% for n < 0.

Now observe that the integrals involved in calculating a,(z¢) are completely independent
of z, they depend only on zg, and f(2)/(2" — z9)"™! is analytic in the annulus between 2y
and z1. Due to Cauchy’s integral theorem, we can distort C; and C5 until they lie on top
of each other, giving a single curve C = C = (5, without changing the value of a,(z)
(provided neither Cq nor Cy passes through the points of non-analyticity, z; and z3, in the
process). Hence we finally arrive at

g e
(ZO) — { 27mi fCl (2/—29)" 1 for n >0

o0

. 1 f(zHdz
f(z) = Z an(20)(z — 20)" with an(20) = - 7{} & — 2oy (60)
n=-—00
where C is any curve threading between the two points of non-analyticity nearest to zg,

z1 and 25, as shown below:

C ZZX
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Equation (60) is called the Laurent expansion of f(z) about zy. Note that it differs
from the Taylor expansion in that the summation contains negative powers of (z — 2¢),
this is an inevitable consequence of the existence of the point of non-analyticity, z1, lying
between z and zy. The summation may truncate at a finite negative power if there exists
some N > 0 such that a_,(z9) =0, Vn > N.

As a final point, before going on to give an example of a Laurent expansion, note that
nothing stops us taking the limit z; — 2y so that zy becomes a non-analytic point and
zo is the next closest non-analytic point to zg. This limit allows us to discuss expansions
about non-analytic points.

Example

1

This function has two points of non-analyticity, 2z = 0 and z = 1. Now perform a Laurent
expansion around the point zg = 0. The next nearest point of non-analyticity to z = 0 is
z =1, so we can use the expression for a,, in (60) with the curve C any loop around the
origin which has no point greater than a unit distance from the origin, i.e. |2’| < 1 for all
points 2z’ on C. Equation (60) then gives

1 dz’

omi fo () (1= )
1 dz’

2mi Jo (2)H2(1 = 2)

1 % dz &
=— ¢ —— (™ provided |2'| <1
2mi Jo (2/)nt2 mz—o
1 oo
= ()" 2dy
2mi mz—ofc

By Cauchy’s integral theorem the integrals are independent of the curve chosen, provided
C' is restricted to lie between |z| = 1 and z = 0, so we can evaluate the integrals by
choosing C' to be a circle of radius a < 1, centred on the origin. On this circle 2’ = aeW,
so dz’ = aie'® d¢’, and

an(0) =

Now

o | / 97 27
/ Gim=n=1)' g _ / cos[(m —n —1)¢]d¢’ + i / sin[(m —n — 1)¢']d¢’
0 0 0

- 2775m,n—|—17
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SO

- 1, n>-1
_ m—n—1 _ ) = .
a,(0) = Z_Oa Omont1 = {O, ne —1 independent of a.
Using this in (60) gives
f(z):1+1+z+22+23~-~: i 2"
. :

n=-—1

This example has been used to illustrate the application of the integral form of a,(z) in
(60), but in this particular case there is a quicker way of getting the Laurent expansion.
Since the function f(z) = ﬁ has two factors, 1/z and 1/(1 — z), we can Taylor expand
1/(1 — z) around zg = 0 to obtain

1 o0
1—227;);:”’

(for |z] < 1) and then multiply by 1/z to get

n=0 n=—1

as before. Sometimes this can be a useful trick to obtain the Laurent expansion of a
function without having to do the integrals in (60).

5. Poles and Branch Cuts

In this section we introduce a classification of the singularities (points of non-analyticity)
that a function f(z) might have. If f(z) is non-analytic at a point zp, but is analytic at
all neighbouring points, then zy is called an isolated singularity of f(z). All the non-
analytic behaviour we have encountered so far (at least for functions that depend only on
z and not both z and z*) has been of this form, for example f(z) = 1/z has an isolated
singularity at z = 0. In a Laurent expansion about an isolated singularity zy,

o0

f) = 3 aulzo)(z - 20",

n=—oo

if ap(20) = 0 for all n < —N and a_n(z9) # 0, with N > 0, then f(z) is said to have a
pole of order N at zy. A pole of order one is called a simple pole. A function which
is analytic everywhere except for isolated poles of finite order is called a meromorphic
function (from the Greek pepos ‘meros’, meaning part).
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Examples

o0

. 1 n
i) f(Z):m:ZZ

n=—1

has a_1(0) =1 and a,(0) =0 for all n < —1, so N =1 in this case, and z = 0 is a simple
pole. The other non-analytic point, at z = 1, is also a simple pole.

) IS SRR
“) f(Z) - 2’2(1 _ Z) n;Q

has a pole of order two (sometimes called a double pole) at z = 0 and a simple pole at
z =1,

o) 1 1 n 0 1
i) flz)=e*=>" ~ (2) = > Wz”.
n=0 " n=-—oo '

In this example the Laurent series does not terminate at any finite N, but extends all the
way down to N = —oo. A singularity of this form is called an essential singularity.

Branch Points

Consider the function
f(z) =2~

when « is not an integer. For example if & = 1/2 then we can use the polar decomposition
z = pe'?® to express f(z) as
F(2) = pM2ei%/2,

A little thought reveals that this is actually not a very well defined function. Suppose
we start at z = 1 and take z around the unit circle centred on z = 0, z = ¢'®. Writing
f = ¢"?/2 as a function of ¢ we have f(¢ = 0) = 1 and as we go round from ¢ = 0 to
¢ = 21 we return to z = 1 but we find that f(¢ = 27) =™ = —1. Thus f = 1 at 2 = 1,
reflecting the usual sign ambiguity in a square root. A similar ambiguity in sign is present
for every value of z, except z = 0, so f(z) = z'/? really has two values for all z # 0 — it is
said to be multi-valued. The function z'/2 is said to have two branches and the point
where the two branches coincide, z = 0, is called a branch point.

We can however construct a single-valued function, f(2), from f(z) = 2z'/2? at the
expense of introducing a discontinuity. We first of all demand that on the positive real
axis, with ¢ =0 and z = p = z, fs(x) = \/x, with a plus sign. We then demand that, for
0 < ¢ < 2m, the phase of fs(z) is ¢/2. This means that, when we go all the way round
the origin to just below the positive real axis, fs(z) has changed sign, but it jumps back
to the positive sign on the positive real axis. We now have a single-valued function, but
it is discontinuous (and so not differentiable) across the positive real axis. Actually we
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could have chosen any line emanating from the origin and extending out to infinity to get
a single-valued, discontinuous function in this way, but it would be a different function
for different choices of line. We could even have chosen a curved line, it does not have to
be straight. The line chosen in order to construct a discontinuous single-valued function
associated with a continuous multi-valued function is called a cut-line for the function.

cut-line

H f(z) = p*2
\

J 2mu
f(z) =

>

A cut-line for the function f(z) = 2, with a ¢ Z.

In the example chosen above, f(z) = z'/2, the derivative of f, f’ = 1271/2

at the branch-point z = 0, but this need not be the case. For example f
a branch-point at z = 0 but its first derivative is perfectly finite there
derivative is singular at z = 0).

, is singular
23/2 also has

z
z) =
though its second

/\/\l\)h—‘

6. Louiville’s Theorem

A function that is everywhere finite and analytic is a constant.

Proof: By assumption f(z) is everywhere finite, so 3K such that | f(z)| < K, Vz. Cauchy’s
integral formula then implies that, for any two points z; and z»,

1 1 1 ,
_ - _ d'
f(zl) f(ZQ) 27_‘_2%;{(2/_21) (Z/—ZQ)}f(Z) z
with C' any closed curve encircling both z; and z5. From this we deduce that
K 1 1
_ ds'
160 - fel < o | { e~ ey 1

We are free to chose C' to be a circle of radius R centred on z; large enough to enclose z5.
Parameterise this circle by 2/ = z; + Re’®" | so that dz’ = Rie'® d¢', and let R > 2|z, — 2.
Then

f o mw) ™

_ (21 — 22) )
| REmrTerie
2
" (21— 22)
[ G=ae
< /0 ‘Zl — 2| —=dq, since

|2/ — 29|

<

since |2/ — z1| = R

[z < [150a
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Choosing R > 2|29 — 21| implies that |2’ — 23| > R/2, so

K |21 —22‘ 2

|f(Z1)—f(22)|<%W ; d¢’
9K
—f\zz—zﬂ
— 0.
R—oo

Since |f(z1) — f(#2)| cannot have any explicit dependence on R we conclude that

|f(21) — f(22)] =0 = f(z1) = f(22) V21, 22. []

7. Calculus of Residues

Cauchy’s integral formula is extremely useful for calculating definite integrals. Con-
sider the Laurent expansion of a function f(z) around an isolated singular point zy,

o0

f) = 3 aulzo)(z - 20"

n=—oo

Take any contour C' encircling zp, with no other singularities inside C, and let Z be any
point on C'; then

% an(20)(z — 20)"dz = an(20) w
C

it 1) =0, provided n # —1.

z

The case n = —1 must be treated carefully. Since there are no singularities other than z
inside C, the contour can always be distorted to a circle of radius r centered on zy without
changing the value of the integral around C. So

dz u (s 2m rie’®deg _oria (s
%Caq(zo)ﬁ = a1 0)/O = 2mia—1(z0),

Z— 20 ret®

where the circular contour is parameterised by z = zy + re’®. This means that

o § FG)dz = aa(ao). (61)
2m Jo

This is a very powerful result, it means that we only need to know a_1(zp) in order to
calculate the integral — none of the other a,’s is relevant! Note that this is true for any
contour C', provided only that that there are no singularities inside C' other than zy. The
co-efficient a_1(zp) is called the residue because, like the grin of the Cheshire cat, it is all
that remains of f(z) after the integral is performed.
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If C encloses a finite set of isolated singularities, say k 4 1 of them, like this

Because C’ does not enclose any singularities we have

f(z)dz =0,
c

by Cauchy’s integral theorem. Now, when the straight line segments are taken infinitesi-
mally close to one another, the integrals along opposing edges cancel and the the perimeter
becomes C, as in the proof of Cauchy’s integral formula given earlier. So

f(2)dz = % f(z)dz + f(z)dz + f(z)dz+--- f(z)dz = 0.
cr c Co C Cy,

This can be re-written as

740 F(2)dz = — z: fc T (62)

Now each little counter C; encloses only one singularity, so we can use the result (61),
taking note of the fact that the C; above are being traversed in a clockwise direction and
(61) was derived by integrating around C' in an anti-clockwise direction, to deduce that

j{ f(2)dz = —2mia_1(2;).
Cj
Equation (62) now reads

féjf(z)dz =2mi{a_1(z0) + a—1(z1) + - +a_1(z)},
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leading to

The Residue Theorem:

k
740 f(z)dz = QWijz_:Oa_l(zj).

As an example of the application of the residue theorem consider the definite integral

/OO dx
oo I+ 2%

Treating the real line —oo < x < oo as the horizontal axis in the complex z-plane, with
z = x + 1y, we can extend this to
/ dz
C 1 + 22

where C' is some contour that includes the real line. For example we can take C' to be
a large semi-circle above the real axis, centred on z = 0 and radius R, with its diameter
lying along the real axis. Then, on the semi-circular arch, z = Re'® and dz = Rie'®d¢

with 0 < ¢ < 7, so
d T ed fod
/ ZQZRi/ _°9P 2¢2.¢+/ xQ.
01+Z 0 1+Re7’ _R1+x

As R — oo the first integral on the right-hand side vanishes so, taking the semi-circle to

be of infinite radius,
/ dz /°° dx
cl+22 | 1422

Now we can use the residue theorem to evaluate the left-hand side. The integrand

1 1 1 1 1

1+22  (1+i42) (1—iz2) (2+14) (2 —1)

has two simple poles, one at z = ¢ and one at z = —i. The pole at z = —1 lies below the
real axis and is outside the contour C, but the one at z = i is inside C, and is the only
point of non-analyticity inside C. Expanding about zg =1

1 1 1 1 & —i\"
LS (5
241 2 [1 + (%)] 2i ~—~ 2i
SO
1 _ 1 (—1)"+! z—1
1122 44 2i
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The residue of the simple pole at zg = 7 is the n = —1 term:

_ 1
a_1(zp =1) = %

There is only one pole, and hence only one residue, within C' so

d
/C : +Z22 = 2mia_1(z0 = i) = .

Thus we have used the residue theorem to evaluate

/OO de
T =T.

Evaluating definite integrals using the residue theorem in this way is called the calculus
of residues.

8. Fourier Transforms

You are familiar with Fourier series for a function on an interval —7'/2 <t < T'/2.

oo

f(t) = ZA” cos (?) + iBn sin <?) .

=0

where the constants A,, and B,, are determined, using orthogonality of the trigonometric
functions for positive integers n and n’

/ cos(nf) cos(n’'0)dl = w6, / sin(nf) sin(n’0)dd = b,/

—Tr —Tr

/ sin(nf) cos(n'0)dd = 0,

—1Tr

to be

2 [T/2 2mnt 2 [T/2 2mnt
A, = —/ f(t) cos (—) dt, B, = —/ f(t)sin (—) dt
T -T/2 T T —-T/2 T
for positive n, while

1 [T/2
A :—/ F(1)dt.
T —T/2 ®)

nm

7 is a frequency,

In the Fourier series

WHZT
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and for large T the w,, are close together for successive n, approaching a continuous variable
was T — co. AsT — oo, the sums over n go over to Riemann integrals over angular

frequency, w, with infinitesimal frequency interval
2
dw = —.
YTT
If f f(t) cos(wy,)dt and f f(t)sin(w,,)dt are finite A,, and B,, will vanish as T'— 0o so

we define

T 1 [T/2
a(wy) == —A, = —/ f(t) cos(wpt)dt / f(t) cos(wt)d
271- T —T/2 T—)OO
T 1 T/2
b(wy) == —B, = —/ f(t) sin(wyt)dt / f(t) sin(wt)d
2 s —T/2 T—)oo
then

ft) = /000 (a(w) cos(wt) + b(w) Sin(wt)>dw.

It is conventional to define the cosine transform f.(w) and the sine transform fo(w)

of f(t) as .
= \/2/0 f(t) cos(wt)dt
= \/2/000 f(t) sin(wt)dt

These integrals certainly exist if [~ |f(t)|dt exists and is finite.
If f(—t) = f(t) is an even functlon then fo(w = /Za(w) and if f(—t) = f(t) is an

odd function then fS \/7 b(w
Another type of mtegral transform that is very useful in physics when periodic phe-

nomena are under consideration is is the Fourier transform,

= \/; /_ Z f(t)e™tdt. (63)

Specifying f(w) is completely equivalent to specifying f(t) because

1 R .
= 1/% /_Oo flw)e ™“tdw, (64)
as we shall now show.

Using the definition of f(w) in the right hand side of (64) gives

[ L= [ ([ o)

o ) </_OO e _t)dw> F(t)dt'. (65)
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We now argue % ffooo e~ du can be interpreted as an integral representation of
the Dirac delta-function. First suppose that ¢t # t’ in the integral. The integral can be
computed by using complex integration in the complex w-plane. Consider ¢t < ¢’ and
t > t' separately. When t < t' (' ~1) is complex analytic everywhere in the upper-half
complex-w plane, Im(w) > 0, so we choose the contour C* below — a large semi-circle
in the upper-half plane centred on the origin. As the radius of the semi-circle becomes
infinite -

L ey — L / W=y =0

271' c+ 27T PN
from Cauchy’s integral formula. When t > t' use the contour C~ below and the same
reasoning gives

! et =t gy — i / e =t gy = 0.

% Cc- 2m —00

So &+ [ Wt =) gy = 0 when t # t'.

27 oo6

When ¢t = t’ the integral is divergent. Consider

) wT T T
[ ([T erasyar= [T00] aomn [Ty [Ty
-T —00 —00 W | _p —00 W 0 W

which is finite V7', in particular for T' — oo

/ (/ ei‘”dw) dr = 27.

We have shown that [ fooo e dw is zero for T # 0, infinite for 7 = 0 and its integral is finite
and equal to 27. From the defining properties of the Dirac delta-function we conclude that

1 [
ot —t') = 5 / et gy,
™

Using this in (65)
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1 o0 - ) 1 > o ) ,
Var | Fwetan— ( / e“"(t_t)dw) £t

:/OO 5t — B F(t)dt = f(2)

— 0

as claimed.
To summarise the Fourier transform and the inverse transform are*

Fo =\ o [ et 0 =[ [ e

The Fourier, sine and cosine transforms are related. If f(t) is an even function the
imaginary part of f(w) vanishes and

felw) = f(w),

while if If f(¢) is an odd function the f(w) is pure imaginary and

These integrals are examples of a class of functions called integral transforms where,
given a function f(t), we construct a new function f(w) as an integral

f(w) = /_OO fOK(w,t)dt

where K (w,t) is called the kernel of the integral transform.

* Note: some texts use a slightly different convention for the definition of the Fourier
transform, namely

f(w) = /_00 f(t)e™tat, ft) = % /_00 f(w)e_i‘*’tdw.

This is more natural for physics applications, where v = 27w with v a frequency in Hertz,
hence dv = ‘QI—‘;. This convention is used in the particle physics module MP466.

62



